Inflationary magnetogenesis with added helicity: constraints from
  non-gaussianities by Caprini, Chiara et al.
Inflationary magnetogenesis with added
helicity: constraints from non-gaussianities
Chiara Caprini∗a, Maria Chiara Guzzetti†b,c, and Lorenzo Sorbo‡d
aLaboratoire Astroparticule et Cosmologie, CNRS UMR 7164, Universite´ Paris Diderot, 10 rue
Alice Domon et Le´onie Duquet 75013 Paris (France)
bDipartimento di Fisica e Astronomia “G. Galilei”, Universita` degli Studi di Padova, via Marzolo
8, I-35131, Padova, Italy
cINFN, Sezione di Padova, via Marzolo 8, I-35131, Padova, Italy
dAmherst Center for Fundamental Interactions, Department of Physics, University of
Massachusetts, Amherst, MA 01003
June 11, 2018
Abstract
In previous work [1], two of us have proposed a model of inflationary magneto-
genesis based on a rolling auxiliary field able both to account for the magnetic fields
inferred by the (non) observation of gamma-rays from blazars, and to start the galac-
tic dynamo, without incurring in any strong coupling or strong backreaction regime.
Here we evaluate the correction to the scalar spectrum and bispectrum with respect
to single-field slow-roll inflation generated in that scenario. The strongest constraints
on the model originate from the non-observation of a scalar bispectrum. Nevertheless,
even when those constraints are taken into consideration, the scenario can success-
fully account for the observed magnetic fields as long as the energy scale of inflation
is smaller than 106 ÷ 108 GeV, under some conditions on the slow roll of the auxiliary
scalar field.
1 Introduction
According to the non-observation of GeV gamma-ray cascades around blazars, see
e.g. [2–4], magnetic fields with correlation length L in the intergalactic medium should
have minimal amplitude of the order of 10−18 G for L & De, with De the elec-
tron/positron energy loss length for inverse Compton scattering, which in this context
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is typically De ' 80 kpc [5]. If on the other hand L < De, the bound changes by a
factor
√
De/L Π−1(De/L, nB), where Π(De/L, nB) is a function provided in [6] and
nB denotes the spectral index of the magnetic field power spectrum, see section 2.1.
Moreover, while there is no consensus on the origin of the magnetic fields observed in
galaxies (see [7] and references therein), it is possible that they are the product, via
the dynamo mechanism, of the amplification of a primordial “seed” field. Under some
circumstances, depending on the correlation scale L and on the magnetic field spec-
tral index nB, the intergalactic magnetic field could provide the seed for the galactic
dynamo.
The most straightforward explanation for the origin of the intergalactic magnetic
field, which do not seem to be associated with any cosmic structure, is that they have
been formed prior to structure collapse, possibly in the pre-recombination universe.
However, even such a small amplitude as required by the lower bound inferred from
blazars is challenging to account for by generation mechanisms operating in the early
universe.
Inflation has been often considered as a possible stage for the formation of magnetic
seeds, because it can provide favourable conditions for magnetogenesis. The simplest
way to achieve this is to postulate that the gauge field is coupled in a gauge-invariant
fashion to some rolling degree of freedom during inflation1 [10]. The rolling field can be
the inflaton field coupled to the operator Fµν Fµν [11] (which might be a pseudoscalar
coupled to Fµν F˜µν [12]) or some auxiliary field. The gauge field modes are amplified
by the rolling scalar; at the end of inflation, the electric field is dissipated by the high
conductivity of the universe and a magnetic field is left. If the dynamics responsible
for the amplification of the gauge is parity-violating, then typically only one gauge
field polarisation is amplified [13], leading to helical magnetic fields – see also the
numerical analysis of [14]. During the subsequent radiation-dominated epoch helical
fields undergo a process of inverse cascade, first put forward in [15], that increases
the comoving power of the magnetic field at large scales2. The presence of a helical
magnetic field of primordial origin might also be associated to the generation of the
baryon asymmetry of the Universe [18–22], even if the mechanism is not efficient enough
if CMB constraints from the production of primordial tensor modes are accounted
for [23].
Successful models of inflationary magnetogenesis must avoid issues such as exces-
sive back-reaction on the inflationary background [24] or the occurrence of strong cou-
pling [25]. Moreover, the gauge field is a source of metric perturbations, scalar [26]
and tensor [27] (the vector modes decay). Being the source quadratic in Aµ, both
scalar [28] and tensor modes [29] are in general non-gaussian. Furthermore, if only
one gauge field polarisation is amplified due to parity violation, the tensor modes it
leads to are chiral [27]. While the last property is welcome as a possible fingerprint of
tensor modes produced by gauge fields, non-gaussianity in the curvature perturbations
represents a serious issue and can lead to severe constraints on this kind of models
once CMB limits on fNL are accounted for [30, 31]. In [32] it was shown that, even if
1Differently motivated settings have also been proposed, see e.g. [8, 9]
2Note that it has been recently discovered that energy cascades can also occur for non-helical magnetic
fields [16,17]
2
the scalar field to which the gauge field couples is an auxiliary field decoupled from the
inflaton, some degree of nongaussianities leak into the curvature perturbations. This
effect is however reduced with respect to the case where the inflaton is directly coupled
to the photons by a factor Nσ, with  the slow roll parameter and Nσ the number of
e-folds while the auxiliary field is rolling. In particular, a factor (Nσ)2 enters in the
curvature spectrum, and a factor (Nσ)3 enters in the curvature bispectrum.
In [1] two of us proposed a model able to provide magnetic seeds satisfying the lower
bounds on the magnetic field intensity by gamma-ray observations and able to start
the dynamo leading to the observed galactic fields while keeping in the perturbative
regime. The model is based on the combination of two couplings: the Lagrangian
presents both a term I2(σ(τ))FµνFµν/4 and a term I2(σ(τ)) γ ηµνρλFµνF ρλ/8, where
I(σ(τ)) = (−Hτ)n, H is the physical Hubble scale, τ denotes conformal time, and γ is
a dimensionless constant of order 10 or so. The function I(σ(τ)) insures the coupling
with the expanding background, and σ(τ) can be the inflaton or an auxiliary field.
We restrict to −2 < n < 0: n < 0 insures that the model is healthy from the point
of view of strong coupling, while n > −2 that it is healthy from the point of view of
backreaction. Note that this last condition is sufficient if the scalar field σ(τ) is the
inflaton, but not if it is an auxiliary field, which is the case of interest for us. At the
end of section 6.1 we analyse the (loose) conditions under which backreaction on the
dynamics of σ(τ) is avoided in our scenario.
The model exploits the advantages of both couplings: the result is a helical magnetic
field with large amplitude that can undergo inverse cascade and be amplified at large
scales during the radiation dominated era [33, 34] (thanks to the second term), but
with a spectrum which is less steep than in the case of the pure axion-like coupling,
therefore allowing interesting amplitudes at large scales (thanks to the first term) [35].
To be more specific, while the axial coupling allows to generate fields that satisfy the
blazar constraint, it is the coupling to I2(σ(τ))FµνFµν/4 that guarantees that the
produced field can provide the required seeds for the observed galactic fields. In fact,
the dynamics of the inverse cascade establishes a relationship between the root mean
square amplitude (i.e. the intensity) of the field and its correlation length today (see
eqs. (84) below), so that, once an intensity of the field that satisfies the blazar constraint
is determined, then also its correlation length is fixed. In our model, as typical in the
case of primordial generation mechanisms, such a correlation length is small: of the
order of the parsec or so, much shorter than the typical O(Mpc) correlation scale
required to initiate the galactic dynamo. Furthermore, a purely axial coupling would
yield a field with a blue spectral index [13], so that fields strong enough to satisfy the
blazar constraints would be too weak at sufficiently large scales for the dynamo. The
possibility of tuning the spectral index to redder values, provided in our model by the
I2(σ(τ))FµνFµν/4 term, can make the field strong enough also at the Mpc scale.
As the work [1] has been completed before [32], it was assumed that the model
was safe from the point of view of CMB constraints on non-gaussianity (see [36] for a
compendium of the effects an helical magnetic field can have on the CMB). In [1] we
therefore only evaluated the tensor spectrum produced in our model: the interest of
it being that the gauge field could give rise to sizable tensor modes even if inflation
occurs at a low energy scale, since the model evades the Lyth bound.
Here we therefore complete the analysis of [1] in light of [32]. After a brief overview
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of the process of gauge field amplification in section 2.1, we rederive the results of [32]
(see also [37]) in terms of the equation of motion for the inflation perturbation in flat
gauge (section 3.2.1). We then demonstrate in section 4 that the comoving curvature
perturbation R at the end of inflation can indeed be related to the inflation pertur-
bation in flat gauge via R ' (H/ϕ′0)δϕflat. This allows us to evaluate the curvature
spectrum (section 5.1) and bispectrum (section 5.2). We impose CMB constraints on
the resulting f equilNL and find that the model is indeed able to provide strong enough
magnetic seeds to satisfy the bounds by gamma-ray observations [34] without overpro-
ducing non-gaussianity in the primordial scalar perturbations (section 6.1). However,
for this to be the case, some conditions must hold: the energy scale of inflation de-
pends on the parameter n, on the number of efolds of the auxiliary field Nσ, and on the
number of efolds between the time the field stops rolling and the end of inflation ∆N .
We find that, for Nσ & Nobs (where Nobs denotes the observable number of efolds)
and for ∆N . 1, the energy scale of inflation is in the range 106 . ρ1/4inf . 108 GeV.
Furthermore, if the spectral index is red enough, we find that the magnetic seed can
also initiate the galactic dynamo.
The metric is the FLRW one in conformal time ds2 = a(τ)2 (−dτ2 + dx2). A prime
denotes derivative with respect to conformal time, while a dot denotes derivatives with
respect to physical time. Greek indexes run from 0 to 3 while Latin ones are spatial.
The totally antisymmetric tensor ηµνρλ is such that η0123 = −√−g. Mpl denotes
the reduced Planck mass. During inflation, a(τ) ' 1/(−Hτ)1+ϕ+σ (where we have
assumed φ + σ  1) with the comoving Hubble parameter H ' −(1 + ϕ + σ)/τ ,
and ϕ + σ = (H2 −H′)/H2.
2 The model
We consider a model described by the following Lagrangian [1]:
L = −12∇µϕ∇
µϕ−V (ϕ)− 12∇µσ∇
µσ−U (σ)+I2 (σ)
(
−14FµνF
µν + γ8ηµνρλF
µνF ρλ
)
(1)
where ϕ is the inflaton, σ is an auxiliary field, Fµν = ∇µAν−∇νAµ, ηµνρλ is the totally
antisymmetric tensor, and V and U are the potential of the inflaton and auxiliary field
respectively. The field ϕ drives the background dynamics, while σ will be assumed
to roll at constant velocity until it stops and decays towards the end of inflation. As
anticipated in the Introduction, we couple the gauge field to σ and not directly to the
inflaton in order for the model not to overproduce nongaussianities, see section 6.3.
We set I (σ (τ)) = (−Hτ)−n, where H the physical Hubble parameter and n < 0
a free parameter of the model, together with the dimensionless constant γ. The field
σ and the gauge field Aµ are minimally coupled to the inflaton. We consider Aµ as a
quantity of the order of O (1/2) in cosmological perturbation theory, so that it does
not contribute to the background dynamics. Quantities that are quadratic in the gauge
field, such as the electromagnetic energy density, are therefore first order as the inflaton
perturbations.
The dynamics of the gauge field is non-standard. Because of the presence of the
term − I2(σ)4 FµνFµν , the spectral index of the magnetic field amplified by the rolling of
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σ depends on the parameter n and can in principle be red. On the other hand, the term
I2(σ)
8 γ ηµνρλF
µνF ρλ induces an exponential amplification of one of the two helicities of
the gauge field. This has the double effect of increasing the overall amplitude of the
gauge field and of guaranteeing that only one of its two helicity modes is amplified,
leading to a helical magnetic field. Helical magnetic fields undergo the inverse-cascade
process [15, 33, 38–43], which further enhances the magnetic field amplitude at large
scales during the subsequent epochs of the evolution of the universe.
The above properties: a tunable spectral index, a tunable amplitude and amplifi-
cation during radiation domination, guarantee that the model works in the context of
a controllable theory that always remains weakly coupled. As explained in [1], in order
to avoid strong coupling during inflation [25], the parameter n is bounded to n < 0.
On the other hand, in order to avoid backreaction of the infrared modes of the gauge
field on the background dynamics [24] (see also [44, 45]), one must impose n > −2. In
summary then we restrict −2 < n < 0 (n = 0 is excluded since in such a case there is
no magnetic field production). At the end of section 6.1 we analyse other conditions
under which the absence of backreaction is guaranteed in the present scenario.
We define the parameter ξ ≡ −nγ that, as we will see, quantifies the enhancement
of the magnetic field amplitude. In the following we review the dynamics of Aµ.
2.1 Amplification of helical magnetic fields
Here we summarize the results about the magnetic field production for the model (1);
see [1] for more details.
We define the canonically normalized A˜µ = I Aµ, that we quantize, in the Coulomb
gauge A˜0 = ∂i A˜i = 0, as usual:
A˜i (x) =
∑
λ=±
∫
d3k
(2pi)3/2
ελi (k) eik·x
[
A˜λ (k, τ) aˆλ (k) + A˜∗λ (−k, τ) aˆ†λ (−k)
]
, (2)
where ελi (k) is the helicity vector, and λ = ± indicates the helicity state. Varying the
Lagrangian (1), the equation of motion of A˜λ results:
A˜′′λ +
[
−n (n+ 1)
τ2
+ 2λ ξ k
τ
+ k2
]
A˜λ = 0 , (3)
where the prime indicates derivative with respect to conformal time.
The system evolves in three stages. For τ → −∞ the term k2 dominates and the
photons are in the Bunch-Davies vacuum. Somewhat before horizon crossing |k τ | . ξ,
when particle production starts occurring, the sign of the second term in the parenthesis
matters: it depends on the helicity λ, and since τ < 0 only the λ = + helicity mode
is amplified. At this stage a net chirality in the gauge field is generated. Finally, as
τ → 0−, the first term in the parenthesis takes over. The final result of this process is
a field with a spectral index controlled by the parameter n and with net helicity. In
order for an efficient enhancement to take place, ξ  1 is required.
For |k τ |  ξ, that is for the regime in which the modes are outside of the Bunch-
Davies vacuum, the solution of eq. (3) reads [1, 35]
A˜+ (k, τ) '
√
−2 τ
pi
epi ξK−2n−1
(√−8 ξ k τ) , (4)
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where Kα is the modified Bessel function (A˜+ (k, τ) = A˜+ (k, τ), so from now on we
indicate only the dependence on the norm of k). For |k τ |  1/ξ the above expression
reduces to
A˜+ (k, τ) '
√
− τ2pi e
pi ξ Γ (|2n+ 1|) |2 ξ k τ |−|n+1/2| . (5)
The amplification of the gauge field is therefore exponential in the parameter ξ.
We define the electric and magnetic field in real space as
Ei(x) ≡ −A
′
i(x)
a2
, Bi(x) = ijl
∂jAl(x)
a2
, (6)
where ijl is the totally antisymmetric tensor in flat space3. Defining the magnetic field
power spectrum as usual as
〈Bi(k)B∗j (q)〉 =
1
2 (2pi)
3 (δij − kˆikˆj)PB(k) δ(k− q)
k3
, (7)
with
√
PB(k) ∝ knB , from Eq. (5) we see that the magnetic spectral index at large
scales is
nB =
5
2 −
∣∣∣∣n+ 12
∣∣∣∣ . (8)
Furthermore, defining the intensity of the magnetic field as
B2 ≡ 〈B2〉 =
∫
d3k
(2pi)3
|k A+|2 , (9)
the intensity of the magnetic field at the end of inflation is found to be [1]
B2reh = H4
e2pi ξ
ξ5
Γ (4− 2n) Γ (6 + 2n)
28 × 315pi3 e
−4 ∆N , (10)
where we have added, with respect to the result of [1], a factor e−4 ∆N that accounts
for the redshifting of the magnetic field during inflation if the field σ stops rolling ∆N
efoldings before the end of inflation.
In [1], in particular in Figures 3 and 4, it was shown that the associated production
of magnetic fields can satisfy the lower bounds reported in [2–4], keeping under control
the related gravitational wave production, and without accounting for the e−4 ∆N factor
included above. Moreover, in [1] it resulted that ξ is of the order of O (10) for the
interesting parameter region.
Our analysis relies on the validity of perturbation theory. As pointed out in [46],
one should make sure that higher order contributions to the two-point function of the
gauge field are much smaller than the leading term extracted from eq. (4). As discussed
in [47] for what concerns the related system where only the operator Fµν F˜µν is coupled
to the inflaton, the validity of perturbation theory is essentially guaranteed when the
energy in the modes of the gauge field is much smaller than the energy in the rolling
3Note that for convenience we insert in these definitions an extra factor a−1 with respect to the
standard definitions arising from the field tensor, that would read: Eµ = uνFµν = −∂0Aµ/a and
Bµ = ηµναβ uβF να/2 = ηµναβ uβ(∂νAα − ∂αAν)/2.
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scalar (the kinetic energy ' σ˙2/2, in our case). In Section 6.1 below we will discuss
the region of parameter space where such a condition is satisfied in our system. We
believe that, as long as we confine ourselves to that portion of parameter space, the
perturbative analysis leading to eq. (4) can be trusted.
Before concluding this Section let us note that despite the large occupation number
attained by the gauge field, we do not expect photon scatterings [48] to play any
important role because of the smallness of the gauge coupling ∼ I−1 ∝ e−|n|N , where
N is the number of efoldings before the end of inflation.
3 Perturbations of the scalar fields
The gravitational coupling of the inflaton to the auxiliary field and the gauge field
gives rise to active sources in the equation of motion of the inflaton perturbations.
Therefore we expect an extra contribution to the curvature perturbations besides those
due to vacuum fluctuations of the inflaton. Moreover, the gauge field also induces a
source term in the equation of motion of the tensor modes, leading to an additional
population of gravitational waves on the top of those generated by quantum fluctu-
ations of the gravitational field. The extra production of scalar and tensor modes
depends on the parameters of model (1). Therefore we expect current observational
constraints on scalar and tensor perturbations to provide bounds on the parameters of
our model [28,31,37,49].
3.1 Tensor modes
The gauge field is an additional source of gravitational waves [27, 31, 37, 49], besides
the vacuum ones, that violate the Lyth bound. Since efficient magnetogenesis typically
implies a low energy scale inflation, the gravitational wave signal actively sourced by
the gauge field is in general more significant than that due to quantum fluctuations of
the gravitational field. The bounds on the parameters of the present model due to the
extra production of tensor modes have been evaluated in [1]. In particular, imposing
that the magnetic field intensity corresponds to the lower bound from gamma-ray
observations allows one to reduce the analysis to one free parameter n, in terms of
which one derives the allowed energy scale of inflation. In [1] a tensor-to-scalar ratio
entirely due to the gauge field of r = 0.2 was assumed. This is now excluded by current
constraints [50]. Ref. [1] showed that such a value of r would constrain the energy scale
of inflation to 105 < ρ1/4inf < 5 ·1010 GeV, as a function of −2 < n < 0 (c.f. Fig. 3 of [1]).
At the end of this work we re-evaluate r in light of our new results: c.f. section 6.1.
3.2 Scalar modes
In this Section we compute the contribution of the gauge field to curvature perturba-
tions. We expect them to provide stricter limits on the parameter space of the model
with respect to those due to tensor perturbations: i.e., we expect the allowed energy
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scale of inflation to be lower. However, as we will see, constraints from the curva-
ture power spectrum and from the bounds on nongaussianities, in combination with
successful magnetogenesis, still allow inflation to happen at reasonable energy scales.
3.2.1 Equation of motion of the inflaton perturbations
We perturb the inflaton and the auxiliary field as usual, ϕ = ϕ0 + δϕ and σ = σ0 + δσ,
where δϕ and δσ are first order quantities while Aµ is half order one. Here we identify
the equation of motion of δϕ which is then required in order to evaluate the curvature
perturbations.
We work in the flat gauge and follow the conventions of [51]. From the La-
grangian (1) we use Einstein equations to trade the metric perturbations for the matter
perturbations [31] and we obtain the equation for δϕ by subtracting from the exact
equation for ϕ the equation for the zero mode ϕ0, where the perturbation in the gauge
field is evaluated in Hartree approximation. Using this procedure, the equation of
motion of δϕ in momentum space reads
δϕ′′flat + 2H δϕ′flat +
(
k2 + a2 Vϕϕ
)
δϕflat−
(
a2 ϕ′2
H
)′
δϕflat
M2pla
2 −
(
a2 ϕ′ σ′
H
)′
δσflat
M2pl a
2 =
= 2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) (11)
where Vϕϕ indicates the second derivative of the potential with respect to ϕ, and H
is the comoving Hubble rate. The source terms depend on the gauge field and can be
written in terms of the electromagnetic energy density and Poynting vector as follows
S(2) = − a
2
2M2pl
ρem(k) = − I
2 a2
4M2pl
[Ei ∗ Ei +Bi ∗Bi] (12)
S(3) = a2M2pl
i kˆj
k
qemj(k) =
I2 a2
2M2pl
i kˆj
k
jlm[El ∗Bm] , (13)
where the convolution is defined as
[El ∗Bm](k) =
∫
d3q
(2pi)3/2
El(k− q)Bm(q) . (14)
Note that a term involving δσflat is present in the equation of motion of δϕflat. This
term and the sources of the r.h.s of eq. (11) come from the metric perturbations.
Without accounting for these terms, one would find that δϕflat satisfies the Klein-
Gordon equation, since the inflaton ϕ is only minimally coupled to the other fields.
Analogously, the equation of motion for δσflat reads
δσ′′flat + 2H δσ′flat +
(
k2 + a2 Vσσ
)
δσflat−
(
a2σ′2
H
)′
δσflat
M2pl a
2 −
(
a2 ϕ′ σ′
H
)′
δϕflat
M2pl a
2 =
= S(1) + 2σ′0 S(3) +
σ′0
H S
′(3) + σ
′
0
H S
(2) ,
(15)
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where
S(1) = a2IIσ [Ei ∗ Ei −Bi ∗Bi + 2 γ (Ei ∗Bi)] , (16)
and Iσ ≡ dI/dσ.
Equations (11) and (15) form a coupled system due to the mixing terms, that we
now proceed to solve by diagonalising it. We account for both the mixing terms and
the sources originated by the gravitational coupling between the inflaton and the other
fields, i.e. we solve the exact equations at leading order in slow-roll. For compactness
we denote Sϕ the source on the r.h.s of eq. (11), and Sσ the source on the r.h.s. of
eq. (15). We express the system (11)-(15) with respect to uϕ ≡ a δϕ and uσ ≡ a δσ.
At first order in slow-roll we have
u′′ϕ +
(
k2 − 2
τ2
)
uϕ − 3
τ2
(3 ϕ − ηϕ) uϕ − 3
τ2
(2 Θ ϕ) uσ = a (τ) Sϕ , (17)
u′′σ +
(
k2 − 2
τ2
)
uσ − 3
τ2
(
ϕ + 2 Θ2 ϕ − ησ
)
uσ − 3
τ2
(2 Θ ϕ) uϕ = a (τ) Sσ , (18)
where we have defined ϕ = ϕ˙2/(2H2M2pl), ηϕ ≡ Vϕϕ/V (and analogously for ησ),
and Θ ≡ σ′0/ϕ′0, so that H˙/H2 = −ϕ
(
1 + Θ2
)
(we remind the reader that we use a
prime for derivatives w.r.t. conformal time, and a dot for derivatives w.r.t. physical
time). As we discuss below, we will consider the regime ϕ  Θ2 ϕ  1, where the
latter inequality is needed to ensure that we are in an inflating regime, |H˙|  H2. The
mixing of uϕ with uσ is described by the following matrix
Mϕσ =
2 + 9 ϕ − 3 ηϕ 6 Θ ϕ
6 Θ ϕ 2 + 3 ϕ
(
1 + 2 Θ2
)− 3 ησ
 (19)
which can be diagonalized by U ·M · UT = Λ = diag (λϕ, λσ), with U (θ) a rotation
matrix. We define v ≡ U−1u, i.e. the eigenvectors of the Λ matrix. The diagonalized
system then reads
v′′ϕ +
(
k2 − λϕ
τ2
)
vϕ = a(τ) [cos θ Sϕ + sin θ Sσ] , (20)
v′′σ +
(
k2 − λσ
τ2
)
vσ = a(τ) [− sin θ Sϕ + cos θ Sσ] . (21)
The solutions for vϕ and vσ are then given by
vϕ (k, τ) =
∫
dτ ′Gλϕk
(
τ, τ ′
)
a(τ ′) [cos θ Sϕ + sin θ Sσ] , (22)
vσ (k, τ) =
∫
dτ ′Gλσk
(
τ, τ ′
)
a(τ ′) [− sin θ Sϕ + cos θ Sσ] , (23)
where Gλσ/ϕk are the Green functions of the equations (20) and (21) (note that the
dependence on k and τ ′ is understood in the sources Sϕ, Sσ). From the definition of
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vϕ, we can go back to the original function
uϕ (k, τ) = vϕ cos θ − vσ sin θ =
=
∫
dτ ′ a(τ ′)
{
G
λϕ
k
(
τ, τ ′
) [
cos2 θ Sϕ + sin θ cos θ Sσ
]
+
+Gλσk
(
τ, τ ′
) [
sin2 θ Sϕ − sin θ cos θ Sσ
]}
. (24)
Note that for our purposes it is enough to evaluate the variable uϕ (k, τ), that is
connected to δϕ, since ultimately we are interested in calculating the curvature per-
turbation (c.f. section 4). The Green function is given by
G
λϕ/σ
k
(
τ, τ ′
)
= pi2
√
ττ ′
[
Jµ (−kτ) Yµ
(−kτ ′)− Jµ (−kτ ′) Yµ (−kτ)] Θ (τ − τ ′) (25)
with µ = 12
√
1 + 4λϕ/σ ,
where Θ here denotes the Heaviside step function. The relevant solution for the field
perturbation concerns modes outside the horizon, so that |k τ |  1. Furthermore,
the solution for the gauge field (4) entering in the sources Sϕ and Sσ is exponentially
suppressed for |k τ ′| & 1/ξ  1, so that the biggest contribution to the above integral
comes from modes well outside the horizon and we can set |k τ ′|  1 in the Green
function. Therefore, we can approximate the Green function in (25) as
G
λϕ/σ
k
(
τ, τ ′
) ' √τ τ ′2µ
(
τ ′
τ
)µ
. (26)
We next exploit the slow-roll expansion. The system matrix given in (19) has the form
Mϕσ =
2 + δM11 δM12
δM12 2 + δM22
 , (27)
where |δMϕσ| are quantities that are first-order in slow-roll. The eigenvalues of Mϕσ
are
λϕ/σ = 2 +
1
2
[
δM11 + δM22 ±
√
4 δM212 + (δM11 − δM22)2
]
, (28)
so that we can define the quantities δλσ/ϕ, also first order in slow roll, by
Λ =
λϕ 0
0 λσ
 =
2 + δλϕ 0
0 2 + δλσ
 . (29)
As a consequence one can also expand the Bessel function index of eq. (25) as µ '
3/2 + δλϕ/σ/3, which, applied to eq. (26), leads to the following expansion for the
Green function:
G
λϕ/σ
k ' G(2)k + δλϕ/σ G˜(2)k ≡
√
τ τ ′
3
(
τ ′
τ
)3/2 (
1− δλϕ/σ3 +
δλϕ/σ
3 log
τ ′
τ
)
. (30)
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The term proportional to the logarithm gives the dominant contribution between the
last two terms, therefore we can use
G
(2)
k
(
τ, τ ′
)
=
√
τ τ ′
3
(
τ ′
τ
)3/2
, G˜
(2)
k '
√
τ τ ′
9
(
τ ′
τ
)3/2
log
(
τ ′
τ
)
, (31)
which, applied to (24) finally leads to
uϕ (k, τ) ' sin θ cos θ (δλϕ − δλσ)
∫
dτ ′ a(τ ′) G˜(2)k
(
τ, τ ′
)
Sσ (32)
+
∫
dτ ′ a(τ ′)G(2)k
(
τ, τ ′
)
Sϕ . (33)
Note that, in the last term, we have neglected a term of order δλϕ/σ Sϕ, since, as we
will see below, Sϕ is higher order in slow roll with respect to Sσ.
Now we can make a further simplification, which consists in approximating the
logarithmic term log (τ ′/τ) appearing in G˜(2)k simply by a factor Nσ that we multiply
outside of the time integral, where Nσ is the number of e-folds during which the field
σ is rolling. This is possible because the integral in dτ ′ is dominated by |τ ′| ∼ (k ξ)−1,
and greatly simplifies things, since the remaining part of the Green function actually
corresponds to the one of eqs. (17) at zeroth order in slow roll. In summary, we
can reduce the problem of determining the inflaton perturbation in the model under
analysis to solving the following equation of motion for uϕ = a δϕ:
u′′ϕ +
(
k2 − 2
τ2
)
uϕ =
Nσ
3 sin θ cos θ (δλϕ − δλσ) a (τ)Sσ + a (τ)Sϕ . (34)
This equation presents an effective source, combination of those for the fluctuations of
the inflaton and of the auxiliary field (c.f. eqs. (11) and (15)), that we now proceed to
estimate.
3.2.2 Estimation of the source
We want to evaluate the relative contribution of the source terms on the r.h.s of eq. (34).
The exact relation
sin θ cos θ = δM12√
4 δM212 + (δM11 − δM22)2
, (35)
implies that
sin θ cos θ (δλϕ − δλσ) = δM12 = 6 Θ ϕ . (36)
Going back to the full expressions given in eqs. (11) and (15), the source in eq. (34),
barring a overall factor a (τ), reads
2Nσ Θ ϕ
[
S(1) + 2σ′0 S(3) +
σ′0
H S
′(3) + σ
′
0
H S
(2)
]
+ 2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) , (37)
that, collecting terms and considering that Θ
∣∣∣ σ′0ϕ′0 ∣∣∣ ϕ = Θ2 ϕ  N−1σ  1, can be
approximated to
2Nσ Θ ϕ S(1) + 2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) , (38)
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which amounts to neglecting the source due to the metric perturbations (as opposed
to S(1), the one generated by the direct coupling between σ and the gauge field) in the
equation of motion of δσ, eq. (15).
Let us now compare the term proportional to S(1) to the other terms in eq. (38).
To do this we first need to estimate the amplitude of the fields E and B on which the
sources depend, c.f. eqs. (12), (13) and (16). Let us go back to solution (4) for the
gauge field, applying it in the regime relevant for particle creation, i.e. for |k τ |  ξ
and ξ  1. We can use it to approximate
B(k, τ) ∼ k A (k, τ) ' k (−Hτ)n
√
−2τ
pi
epi ξK−2n−1
(√−8 ξ k τ) , (39)
E(k, τ) ∼ −A (k, τ)′ ' − (−H τ)n
√
4 ξ k
pi
epi ξK−2n
(√−8 ξ k τ) . (40)
Moreover, the largest contribution to the above expressions comes from modes with
−kτ ∼ 1/ξ, since the Bessel functions are exponentially suppressed for values of their
arguments that are much larger than unity and the phase space suppresses contribu-
tions with small k. In this regime the Bessel functions take values that are of the order
of the unity and
E
B
∼
√
ξ
−k τ ∼ ξ , (41)
where in the last step we have used again −k τ ∼ 1/ξ. This means that the magnetic
field is suppressed by a factor 1/ξ with respect to E (remember ξ  1). Therefore we
can conclude that in S(1) (eq. (16)) the term proportional to the convolution Ei ∗ Ei
is dominant with respect to the one proportional to Bi ∗Bi.
Exploiting eq. (41), we can parametrically estimate the amplitude of the terms in
(38). Whenever there is a residual dependence on the momentum, we use the value
corresponding to the peak of the electric and magnetic fields, i.e. |k τ | ∼ 1/ξ. Using
Iσ ' nH I/(Θϕ′0), which is valid at leading order in ϕ and Θ2ϕ, one gets
2Nσ Θ ϕ S(1) ∼ 2Nσ Θ ϕ a2 nH I
2
σ′0
(E ∗ E) ' Nσ n
√
2ϕ
(
a2I2E ∗ E
Mpl
)
,
ϕ′0 S
(3) ∼ ϕ′0
a2 I2
2M2pl
B ∗ E
k
∼
√
ϕ
2
(
a2I2E ∗ E
Mpl
)
,
ϕ′0
H S
′(3) ∼
√
ϕ
2
(
a2 I2E ∗ E
Mpl
)
,
ϕ′0
H S
(2) ∼
√
ϕ
8
(
a2 I2E ∗ E
Mpl
)
. (42)
From the above estimations we conclude that all terms in eq. (38) are of the same
order of magnitude, therefore we cannot neglect any of them a priori. In summary, to
evaluate the inflaton perturbation (and therefore the curvature power spectrum), one
has to solve the following equation:
δϕ′′flat + 2H δϕ′flat + k2 δϕflat = 2Nσ Θ ϕ S(1) + 2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) , (43)
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resulting from eq. (34), going back to the variable δϕflat, and accounting only for the
dominant term in the source Sσ. Note that, given (41), we can approximate
S(1) ' a2I Iσ (Ei ∗ Ei + 2 γ Ei ∗Bi) (44)
S(2) ' − I
2 a2
4M2pl
Ei ∗ Ei . (45)
4 The curvature perturbation R
In the case of single scalar field inflation, solving eq. (43) would be a sufficient step
to evaluate the comoving curvature perturbation, which in this case takes the simple
form R = (H/ϕ′0) δϕflat [51].
However, in the presence of both the auxiliary scalar field σ and the gauge field
Aµ, it is not granted that the above expression for R holds. We show that, although
not exact, the expression R = (H/ϕ′0) δϕflat at the end of inflation provides a good
approximation in this scenario. Here, again, we follow the notations of [51]. Let us
start with the curvature perturbation in uniform density gauge, which can be related
to the energy density perturbation in flat gauge as
ζ = −H
ρ′0
δρflat (46)
The derivative of the background energy density ρ0 is given by:
ρ′0 = −3H (ρ0 + P0) ' −
3H
a2
(
ϕ′0
2 + σ′02
)
, (47)
where P0 denotes the pressure. Note that the energy density due to the gauge field is
a first order quantity, and therefore it does not contribute to the background energy
density. In order to express δρflat in terms of the fields, we use Einstein equations
perturbed at the first order, in particular we use the 0−0 and 0− i equations. Defining
metric perturbations in the flat gauge by δg00 = −2 a2 Φflat and δg0i = a2 ∂iB, Einstein
equations take the form [51]
3H2 Φflat −H k2Bflat = −4piGa2 δρflat , (48)
HΦflat − ϕ
′
0
2M2pl
δϕflat − σ
′
0
2M2pl
δσflat = S(3) . (49)
At large scales the term k2Bflat can be neglected, then from the second equation we
get the expression of Φflat, we substitute it in the first equation, and then we get the
sought expression for δρflat:
δρflat = −3H
a2
ϕ′0 δϕflat −
3H
a2
σ′0 δσflat −
6HM2pl
a2
S(3) . (50)
At large scales ζ ' −R [51], where R is the comoving curvature perturbation we are
aiming at calculating. Combining (47) and (50), we obtain the expression of R in
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terms of the fields perturbations 4
R = H
ϕ′02 + σ′02
(
ϕ′0 δϕflat + σ′0 δσflat + 2M2pl S(3)
)
. (51)
As expected, the comoving curvature perturbation R gets contributions directly from
each field involved in the Lagrangian eq. (1).
The term proportional to S(3). Let us first show that the term proportional to
S(3) in eq. (51) can be neglected. We do so by determining the scale dependence of
the following contribution to the curvature power spectrum from Eq. (51)〈
S(3)
H ϕ (1 + Θ2) (k1, τ)
S(3)
H ϕ (1 + Θ2) (k2, τ)
〉
, (52)
with the aim of comparing it with the contribution from the other terms. We define
the power spectrum of a generic function g as:
〈g (k1) g (k2)〉 = 2pi2 δ (k1 + k2)
k31
Pg (k1) , (53)
and we quantize as above
Ai (x, τ) =
∫ d3p
(2pi)3/2
eip·xε+i (p)
[
aˆ (p) + aˆ† (−p)
]
A+ (p, τ) , (54)
where we have kept only the positive helicity mode and we have used the fact that the
mode functions A+ (p, τ) are real in the regime |p τ | . ξ of interest. From eq. (13), the
4In principle one should include in eq. (50) above also terms that are quadratic in the scalar fields. Using
the language of the in-in formalism, the inclusion of such terms will be equivalent to considering, in the
bispectrum, diagrams with one quartic vertex (∼ δϕ2A2), one cubic vertex (∼ δϕA2), and two internal
photon lines (these diagrams are described in details, albeit is a somehow different model, in [52]). On
the other hand, the terms proportional to the linear perturbation in δϕ will contribute to the bispectrum
a term with three cubic vertices and three internal photon lines. Since each internal photon line carries a
contribution ∝ e2piξ that is exponentially large, the terms proportional to the quadratic perturbation in δϕ
in eq. (50) will give a contribution to fNL that is a factor e−2piξ smaller than that from terms that are linear
in δϕ and will therefore be neglected in what follows.
Without resorting to the in-in formalism, this result can also be explained as follows. Let us account
for these terms schematically as R ∼ δϕv + δϕs + δϕv δϕs, where δϕv denotes the fluctuations in ϕ that
are generated by the de Sitter expansion (and that would exist also if the gauge field vanished), and where
δϕs denotes the components of δϕ that is sourced by the gauge field at leading order in equation (43).
We are neglecting terms ∼ δϕ2s as they are higher order in the source. The term proportional to δϕv δϕs
contributes both to the two point function and to the three point function. In the two point function it
gives a cross term 〈RR〉 ⊃ 〈(δϕv) (δϕv δϕs)〉 ∼ 〈δϕ2v〉 〈δϕs〉. In the three-point function it contributes a
term 〈RRR〉 ⊃ 〈(δϕv) (δϕs) (δϕv δϕs)〉 ∼ 〈δϕ2v〉 〈δϕ2s〉. Since δϕs ∝ E2 ∝ e2piξ, however, those terms are
subdominant with respect to those originating from the linear contribution δϕs. In fact, the terms in R that
are linear in δϕs give contributions of the order of e4piξ to the two point function and of the order of e6piξ to
the three point function, whereas the term ∼ δϕv δϕs gives a contribution ∼ 〈δϕs〉 ∼ e2piξ to the spectrum
and ∼ 〈δϕ2s〉 ∼ e4piξ to the bispectrum.
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expression of S(3) as a function of the gauge field reads
S(3) (k) = I
2
2 a2M2pl
∫ d3p
(2pi)3/2
1
k2
[
ε+j (p) ε+j (k− p) pi ki − pj ε+j (k− p) ε+i (p) ki
]
·[
aˆ (p) + aˆ† (−p)
] [
aˆ (k− p) + aˆ† (p− k)
]
A+ (p)A′+ (|k− p|) .
(55)
By performing some changes of variable and by using the relation (c.f. Eq. (C3) of [31])
ki kj ε
+
i (p) ε+j (k− p) = [p |k− p|+ (k− p) · p] ε+i (p) ε+i (k− p) , (56)
we can rewrite the expression (55) as
S(3) (k) = I
2
2 a2M2pl
∫
d3p
(2pi)3/2
1
k2
[
ε+i (k− p) ε+i (p)
] [
p2 − p |k− p|
]
·[
aˆ (p) + aˆ† (−p)
] [
aˆ (k− p) + aˆ† (p− k)
]
A+ (p)A′+ (|k− p|) .
(57)
From the previous expression, and exploiting the commutation rules of aˆ and aˆ†, the
power spectrum of the S(3)/(Hϕ (1 + Θ2)) term can be written as (see Eq. (53))
PS(3)(k) =
I4H2
2pi2 a4 (τ) (ϕ′0)4 (1 + Θ2)2
∫
d3p
(2pi)3
p |p− k|
k
(p− |k− p|)2 ·
ε+j (p) ε+j (k− p) ε+i (p− k) ε+i (−p) A+ (p)A′+ (|k− p|)A+ (|p− k|)A′+ (−p) .
(58)
We are interested in the behaviour at large scales, so we perform the limit k → 0,
where
p |p− k|
k
(p− |k− p|)2 ∼ k p2 . (59)
Then, in this limit the spectrum of S(3)/(Hϕ (1 + Θ2)) behaves as:
PS(3)(k) ∼
I4H2
a4 (τ) (ϕ′0)4 (1 + Θ2)2
k
∫
dp p4A2+ (p)A′+
2 (p) . (60)
The contribution to the curvature power spectrum due to the spectrum of S(3)/(H (1+
Θ2)) (see Eq. (51)) is therefore blue, with a spectral index equal to one. We will see in
the next section that the contribution to the curvature power spectrum due to the term
proportional to δϕflat is instead scale invariant. The former contribution is therefore
largely suppressed at large scales with respect to latter. Note that, from the above
result, we can predict that also the contributions due to the correlation between the
term S(3)/(H (1 + Θ2)) and that proportional to δϕflat are suppressed at large scales
and can be neglected.
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The term proportional to δσflat. We will next assume that the field σ gets
stabilized at the bottom of its potential before the end of inflation (this is the situation
considered e.g. in [32, 37]). In this case one should account for the fact that the
intensity of the magnetic field will start redshifting away as a−2 since the moment in
which σ has stopped rolling. Therefore one has to assume that σ stops rolling towards
the end of inflation in order to avoid excessive dilution of the magnetic field during
inflation.
Since σ′0 = 0 at the end of inflation, the curvature perturbation at that stage will
be simply given by the single field expression
R ' H
ϕ′0
δϕflat (61)
One should note that in this scenario Θ ≡ |σ˙/ϕ˙| will go from large to small and
(eventually) vanishing. As we will see below, Θ  1 is needed to require that the
beckreaction of the photons on the dynamics of σ is negligible during the time in
which the relevant scales leave the horizon. When σ stabilizes to its minimum and Θ
decreases, however, such backreaction will not be negligible any more, and the presence
of a bath of photons will strongly affect the dynamics of σ as studied e.g. in [53]. Since
this will occur when the scales relevant for cosmological magnetic fields are well outside
the horizon, we do not expect this complicated dynamics to affect our main results.
5 Sourced curvature power spectrum and bis-
pectrum
In this section we compute the contributions to the scalar spectrum and bispectrum
from the excited gauge modes.
5.1 Curvature power spectrum
Since a source term is present in the equation of motion (43) of δϕ, one has
δϕ = δϕvacuum + δϕsourced (62)
where δϕvacuum is given by the solution to the homogeneous part of eq. (43) with Bunch-
Davies boundary condition, whereas δϕsourced is the particular solution of eq. (43)
obtained with a retarded propagator. Since these two components are uncorrelated,
the power spectrum 〈δϕ δϕ〉 receives two contributions:
〈δϕ δϕ〉 = 〈δϕvacuum δϕvacuum〉+ 〈δϕsourced δϕsourced〉 , (63)
where 〈δϕvacuum δϕvacuum〉 ∝ (H/2pi)2 is the usual contribution obtained from vacuum
fluctuations also in the case of single-field slow-roll inflation. Here we calculate the
contribution due to the presence of the source term.
As we show in Appendix A, the gravitationally induced part of the source term of
eq. (43) can be dramatically simplified by using the equations of motion of the gauge
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field:
2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) ' I
2 ϕ′0 a2
2HM2pl
kˆi kˆj Ei ∗ Ej , (64)
where the ' sign is due to the fact that we have neglected terms proportional to
B2 that, as we have seen above in Eq. (41), are subdominant with respect to those
proportional to E2 in the regime ξ  1 that we are considering.
In terms of uϕ = a δϕflat, the equation of motion (43) takes then the form5
u′′ϕ +
(
k2 − 2
τ2
)
uϕ =
I2 ϕ′0 a3
2HM2pl
[
2Nσ n (Ei ∗ Ei + 2 γ Ei ∗Bi) + kˆi kˆj Ei ∗ Ej
]
, (65)
where we have used Iσ ' nH I/σ′0. Now we quantize the gauge field according to
eq. (54) so that the source term above,
Jk (τ) ≡ I
2 ϕ′0 a3
2HM2pl
[
2Nσ n (Ei ∗ Ei + 2 γ Ei ∗Bi) + kˆi kˆj Ei ∗ Ej
]
(66)
takes the form
Jk (τ) =
I2 ϕ′0
2HM2pl a
∫ d3p
(2pi)3/2
ε+i (p) ε+i (k− p)
[
aˆ+ (p) + aˆ†+ (−p)
] [
aˆ+ (k− p) + aˆ†+ (p− k)
]
·
{[
2nNσ − 1
k2
[p |k− p|+ (k− p) · p]
]
A′+ (p, τ)A′+ (|k− p| , τ)
+ 4Nσ ξ |k− p|A′+ (p, τ)A+ (|k− p| , τ)
}
. (67)
where we have used the relation (56) and in the last line we have exchanged k − p
with p, since the integral is symmetric under this exchange. We are now in position
to evaluate the sourced scalar spectrum
〈δϕsourced (k1, τ) δϕsourced (k2, τ)〉 =
1
a2 (τ)
∫ τ
τ0
dτ ′Gk1
(
τ, τ ′
) ∫ τ
τ0
dτ ′′Gk2
(
τ, τ ′′
) 〈
Jk1
(
τ ′
)
Jk2
(
τ ′′
)〉
, (68)
where the Green function Gk (τ, τ ′), for |k τ | < |k τ ′|  1 is well approximated by (c.f.
Eq. (31))
Gk
(
τ, τ ′
) ' −13 τ
′2
τ
. (69)
Applying the commutation rules for the operators aˆ+ and aˆ†+, and exploiting the equal-
ity ∣∣∣ε+i (k+ p) ε+i (−p)∣∣∣2 = 14
(
1 + |p|
2 + p · k
|p| · |k+ p|
)2
, (70)
5Reference [31] considered only the second term on the right hand side of eq. (65), whereas [32] effectively
considered only the first one. The first term indeed dominates, as we show in the following. Note that those
analyses were performed in the case in which only the F˜ F term was coupled to σ, that corresponds to the
case n→ 0, ξ =constant. Here we perform the full analysis of eq. (65) in our model that allows for all values
of −2 < n < 0.
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we obtain (recall definition (53))
Psourcedδϕ (k) =
k3
2pi2
ϕ
32H2M2pl
∫ d3p
(2pi)3
[
1− p · (k− p)
p |k− p|
]2 ∣∣∣ ∫ τ
τ0
dτ ′
(−Hτ ′)−2n+3
·
{ [
2Nσ n− 1
k2
[p |k− p|+ (k− p) · p]
]
A′+
(
p, τ ′
)
A′+
(|k− p| , τ ′)
+ 4Nσ ξ |k− p|A′+
(
p, τ ′
)
A+
(|k− p| , τ ′) }∣∣∣2 . (71)
We are interested in the power spectrum evaluated at the end of inflation, so that we
set τ = 0. The integrand is dominated by modes for which the particle creation is
relevant, i.e. |k τ ′| ∼ 1/ξ. Therefore, as long as σ is rolling for these values of τ ′, we
can safely set τ0 → −∞ since this does not include extra relevant contributions to the
integral. This puts us in position to use the explicit expressions for the mode functions
of the gauge field
A+(k, τ) ' (−H τ)n
√
−2 τ
pi
epiξK−2n−1
(√−8 ξ k τ) ,
A+(k, τ)′ ' (−H τ)n
√
4 ξ k
pi
epiξK−2n
(√−8 ξ k τ) , (72)
and insert them into eq. (71). We then change variables to y =
√−8 ξ k τ , choose a
reference frame where the z-axis is parallel to k, and define Q ≡ p/k, µ ≡ cosα, where
α is the angle between k and p. The power spectrum then reads
Psourcedδϕ (k) = ϕ
e4piξ
ξ6
H4
9× 223 pi6M2pl
∫ ∞
0
dQQ3
∫ 1
−1
dµP
(
1− µ−Q
P
)2
·
∣∣∣ ∫ ∞
0
dy y7
{
[2Nσn−Q (P + µ−Q)]
[
K−2n
(
y
√
Q
)
K−2n
(
y
√
P
)]
+Nσ
√
P
[
y K−2n−1
(
y
√
P
)
K−2n
(
y
√
Q
)] }∣∣∣2 , (73)
where P ≡ √1 +Q2 − 2Qµ. The first term proportional to Nσ is the one due to the
first term in (65), the term proportional to Q (P + µ−Q) corresponds to the part of
the source proportional to kˆikˆjEi ∗ Ej , and the last term to the part of the source
proportional to γ Ei ∗Bi.
In Figure 1, we show the relative contributions to the power spectrum due to
each term in (73), collecting in a unique quantity the two terms proportional to N2σ .
Contributions are shown up to a common factor.
It appears from Fig. 1 that the contributions to the power spectrum which are not
proportional to N2σ are at least one order of magnitude smaller than the other ones
already for Nσ = 1. Therefore, we can safely approximate the source of the inflaton
perturbations by the first two terms in Eq. (65). We use this fact in the next section
to simplify the calculation of the bispectrum. The results we obtain for the curvature
power spectrum and bispectrum sourced by the gauge field are accurate and can be
compared to current observations.
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Figure 1: Relative contributions to the curvature power spectrum given in Eq. (73), where we
have fixed Nσ = 1 as the limiting case. Contributions are shown up to the common factor
ϕ
(
n e
2piξ
ξ3
H2
piMpl
)2
. From top to bottom, the upper red curve shows the power spectrum due to
the sum of the two terms proportional to N2σ ; in green the contribution to the power spectrum
due to the cross-correlation between the term proportional to NσEi ∗ Ei and the gravitationally
induced term proportional to kˆikˆjEi ∗ Ej ; in brown the contribution due to the cross-correlation
between the term proportional to NσγEi ∗ Bi and the gravitationally induced term; in blue the
power spectrum due to the gravitationally induced term.
5.2 Curvature bispectrum
For the calculation of the curvature bispectrum we proceed analogously to the power
spectrum. As before, the amplitude of the bispectrum of the inflaton perturbations
is given by the standard vacuum contribution plus the one due to the presence of the
gauge field which represent active sources. The former is well known to be very small,
and here we calculate the latter.
As before, we refer to the equation of motion for uϕ, eq. (65). Using the expression
for the source term (67) where we suppress the subdominant, gravitationally induced
term not proportional to Nσ, and the Green function (69), the three point function of
δϕsourced takes the form
〈δϕk1δϕk2δϕk3〉 =
n3
a3
N3σ
3
ϕ
ϕ˙3
e6piξ
ξ9
1
9× 224pi3 δ (k1 + k2 + k3) ·
∫ d3p
(2pi)9/2
·
[
ε+i (p) ε+i (p− k1)
] [
ε+j (p− k1) ε+j (−k3 − p)
] [
ε+l (p+ k3) ε
+
l (−p)
]
∫ ∞
0
dx′h
(|p| , |k1 − p| ;x′) ∫ ∞
0
dx′′h
(|p− k1| , |k3 + p| ;x′′)∫ ∞
0
dx′′′h
(|p+ k3| , |p| ;x′′′) , (74)
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where we have defined
h (|p| , |k1 − p| ;x) =
√|p| · |k1 − p|
H
x7
[
K−2n
x
√
|k1 − p|
H
K−2n
x
√
|p|
H

− x2n
√|k1 − p|√
H
K−2n
x
√
|p|
H
K−2n−1
x
√
|k1 − p|
H
] .
(75)
Exploiting the relation (70), the products of the polarization vectors in the second line
of eq. (74) can be written as
[ε product] ≡ 18
[
(qˆ1 · qˆ3)2 + (pˆ · qˆ3)2 + (pˆ · qˆ1)2 + (pˆ1 · qˆ3) + (pˆ · qˆ3) + (pˆ1 · pˆ) +
(qˆ1 · pˆ) (pˆ · qˆ3) + (pˆ · qˆ1) (qˆ1 · qˆ3) + (pˆ · qˆ3) (qˆ1 · qˆ3)− (pˆ · qˆ1) (pˆ · qˆ3) (qˆ1 · qˆ3)
]
(76)
where q1 = p− k1 and q3 = p+ k3.
In scenarios where non-gaussianities are generated by subhorizon dynamics, we
expect the bispectrum to be maximized in the equilateral configuration k ≡ |k1| =
|k2| = |k3|. In our model this is the case if n is sufficiently different from −2, so that
the energy in the gauge field drops rapidly at superhorizon scales. In the limit n→ −2
the scale invariant electric field will keep sourcing δϕ outside the horizon, and we expect
the bispectrum to converge to the local shape. Nevertheless, in what follows we will
estimate the magnitude of the bispectrum by computing the three-point function in
the equilateral configuration, that we expect to provide a reasonable estimate of the
nongaussianities in the model for values −2 < n < 0. We obtain
〈δϕk1δϕk2δϕk3〉equil =
δ (k1 + k2 + k3)
k6
H6
M3pl
e6piξ
ξ9
(
Nσ
√
2ϕ
)3
f (n) , (77)
where
f (n) = n
3
9× 227 pi3
1
(2pi)9/2
∫ ∞
0
dP P 3
∫ 1
−1
d cos Θ¯QR · [ε product] ·
·
∫ ∞
0
dy1 y
7
1
[
K−2n
(
y1
√
Q
)
K−2n
(
y1
√
P
)
− y12n
√
QK−2n
(
y1
√
P
)
K−2n−1
(
y1
√
Q
)]
·
∫ ∞
0
dy2 y
7
2
[
K−2n
(
y2
√
Q
)
K−2n
(
y2
√
R
)
− y22n
√
RK−2n
(
y2
√
Q
)
K−2n−1
(
y2
√
R
)]
·
∫ ∞
0
dy3 y
7
3
[
K−2n
(
y3
√
R
)
K−2n
(
y3
√
P
)
− y32n
√
PK−2n
(
y3
√
R
)
K−2n−1
(
y3
√
P
)]
,
(78)
where we have aligned k1 along the third axis, and we have defined P ≡ p/k1, Θ¯ is the
angle between p and k1, Φ¯ the angle between p and the x-direction, and
Q ≡
√
1− P 2 − 2P cos Θ¯ , R ≡
√√√√1 + P 2 + 2P (−12 cos Θ¯ +
√
3
4 sin Θ¯
)
. (79)
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As mentioned above, in the following we are going to consider only the result of
the equilateral configuration, and compare it with current upper limits on curvature
non-gaussianities in terms of f equilNL .
6 Constraints on the magnetic field production
from curvature perturbations
In the previous sections we obtained the curvature power spectrum and bispectrum
as a function of the parameters of the model. We now compare them to the results
provided by observations, in order to constrain the parameter space. We also require
that the lower bound on magnetic fields in the intergalactic medium is satisfied, see
e.g. [2–4]. We find that the combination of these requirements can be satisfied: our
model can explain the presence of intergalactic magnetic fields and satisfy, at the same
time, the constraints imposed by the curvature bispectrum.
Observations provide strict constraints on the curvature non-gaussianities. In par-
ticular, for the equilateral configuration, [54] finds the following bound: f equilNL =
−16± 70 from temperature data, f equilNL = −3.7± 43 for T +E data, at 68% of CL [54].
As usual, we parametrize the bispectrum by f equilNL , defined as
〈R (k1)R (k2)R (k3)〉 = 310 (2pi)
5/2 f equilNL P2Rδ (k1 + k2 + k3)
∑
k3i
Πk3i
, (80)
where PR is the total curvature power spectrum. From the expression of the bispectrum
(77), using the relation (61), we have
f equilNL =
10
9
1
(2pi)5/2
1
P2R
H6
M6pl
e6piξ
ξ9
N3σ f (n) , (81)
where we used ϕ˙0 =
√
2ϕMplH, and where f(n), which is defined in eq. (78) above,
is well approximated by f(n) ' 1.7× 10−5 (2 + n)4.8.
We impose f equilNL in (81) to be equal or smaller than the current upper bound.
At the same time, we impose sufficient magnetogenesis to satisfy the lower bound on
magnetic fields in the intergalactic medium.
6.1 Constraints on inflationary parameters
In [1] it was found that the magnetic field produced in this model is given, at the end
of inflation, by
Breh = H2
epiξ
ξ5/2
bn e
−2 ∆N , where bn ≡
√
Γ (4− 2n) Γ (6 + 2n)
80640pi3 , (82)
and where we have introduced a factor e−2 ∆N to account for the dilution of the mag-
netic field during inflation after the field σ has stopped rolling. Since large values of
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∆N will lead to weak magnetic fields, we will assume in what follows that ∆N . 1.
The correlation length evaluates to
Lreh =
ξ
H
ln , where ln =
18pi
(3− 2n) (5 + 2n) . (83)
The magnetic field at the present time (a subscript 0 indicates quantities evaluated
today) is obtained from the relations [1]
B0 = 10−8G
L0
Mpc , B
2
0 L0 = B2reh Lreh
(
areh
a0
)3
, (84)
that are a consequence of the self-similar evolution associated to the inverse cascade of
the helical field [1,33,34]. The above results (84) are derived for magnetic fields with a
finite correlation length. The effects of the inverse cascade are different (and weaker)
for scale invariant fields [55–57], which correspond to the case n = −2. In our analysis
we will assume that n is sufficiently far from −2, so that eq. (84) can be assumed to
be approximately valid. Therefore we have
L0
Mpc =
(
areh
a0
) (
Breh
10−8G
)2/3 (Lreh
Mpc
)1/3
,
B0 = 10−8G
(
areh
a0
) (
Breh
10−8G
)2/3 (Lreh
Mpc
)1/3
. (85)
The lower bound on intergalactic magnetic fields from [2–4], including the correction
arising from the dependence on the magnetic field spectral index found in [6], reads
B0
√
L0
De
Π
(
De
L0
, nB
)
≥ BNV , (86)
where BNV ' 10−18 ÷ 10−16 G. Since in this context De ' 80 kpc [5], in the above
equation we have selected the appropriate case L0  De [1]. The function Π
(
De
L0
, nB
)
takes a particularly simple form if nB > 1/2 (corresponding to nG > −2, where
nG = 2nB − 3 is the spectral index as defined in [6]), which is always the case for the
range of values −2 < n < 0, as can be verified from Eq. (8). Given the conditions
L0  De and −2 < n < 0, it is therefore enough to require that our model leads to a
present time magnetic field satisfying the (in-)equality
B0
√
L0
De
√
nB
10nB − 5 ≥ B
NV , (87)
with BNV = 10−17 G: this guarantees that the model provides a strong enough inter-
galactic magnetic field.
By using the first of eqs. (84) along with the saturated inequality eq. (87), with
BNV = 10−17 G one derives the coherence length L0 ' 1 pc and the amplitude
B0 ' 10−14 G. This implies, in particular, that the intensity of the magnetic field is
much smaller than that, of the order of 10−9 G, that is necessary for the magnetic field
to directly generate observable effects in the CMB [36].
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To proceed further, we use
a0
areh
= g
reh 1/3
∗ Treh
g
0 1/3
∗ T0
, (88)
where g0∗ = 3.36 and greh∗ = 106.75 are the effective number of relativistic degrees
of freedom at the respective temperatures, T0 = 2 × 10−13 GeV, and the reheating
temperature Treh is obtained assuming instantaneous reheating:
greh∗ pi2
30 T
4
reh = 3M2plH2 . (89)
As a consequence we have a0areh ' 2× 1031
√
H
Mpl
, so that, using eq. (87), one gets
epiξ
ξ2
= 60 e2 ∆N
(
Mpl
H
)3/4 BNV−17(nB)
bn
√
ln
, (90)
where
BNV−17(nB) =
√
De
Mpc
√
10nB − 5
nB
BNV
10−17 G . (91)
Inserting De ' 80 kpc and using relation (8) to express nB as a function of n, Eq. (90)
gives us the parameter ξ as a function of the three parameters ξ = ξ (H,n,∆N).
Now we impose the requirement that the bispectrum of the curvature perturbations
does not exceed the observational constraints provided by Planck. To determine the
boundaries of the allowed parameter space we fix the value of f equilNL to 50 and 10.
Eq. (81) with PR = 2.21 · 10−9 provides the Hubble parameter as a function of ξ, n
and Nσ, i.e. H = H (ξ, n, Nσ). Inserting ξ = ξ (H,n,∆N) from Eq. (90) we obtain
H as a function of n, Nσ and ∆N . Such a function identifies the region of parameter
space that leads to successful magnetogenesis and, at the same time, does not exceed
the upper bound on f equilNL provided by Planck.
To proceed, we note that in principle Nσ can be smaller or larger than Nobs, the
number of efoldings of observable inflation. In fact, in order for this mechanism to lead
to successful magnetogenesis, all we need is that σ is rolling when the coherence length
of the magnetic field (in order to explain the blazar observation) and when galactic
scales (in order to explain the galactic field) are leaving the horizon. Both scales are
much shorter than COBE scales. However, in this paper we are assuming that σ is
rolling when COBE scales are leaving the horizon, so that the magnetic field sources
nongaussianities that are observable in the CMB. This assumption, together with the
fact that σ stops rolling only towards to the end of inflation, implies that we cannot
assume that Nσ is much smaller than Nobs. In what follows we will therefore assume
that
Nσ & Nobs = Log
(greh∗
g0∗
)1/3
Mpl
T0
(
greh∗ pi2
30
)1/4√
H
Mpl
 . (92)
Figure 2 shows that the energy scale of inflation spans a few of orders of magnitude
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Figure 2: Constraints on the inflationary energy density in the model. We have imposed that
the magnetic field amplitude today satisfies eq. (87) with BNV = 10−17 G. The top blue curve is
obtained by fixing f equilNL = 50 and Nσ = Nobs, the curve in the middle has f
equil
NL = 10, still with
Nσ = Nobs. Finally, the curve at the bottom has f equilNL = 50 with Nσ = 200. In all the curves we
have assumed that ∆N = 0. The energy scale of inflation quickly decreases as we increase ∆N , as
it goes as e−4 ∆N .
105 . ρ1/4inf . 108 GeV as6 n varies from −2 to 0. This expression is valid for ∆N = 0,
and should be rescaled by ∼ e−4 ∆N for ∆N 6= 0. To see this, let us note that by
choosing a fixed value of fNL we are fixing the combination e6piξH6/ξ9. Using eq. (90),
once BNV is fixed, this is equivalent to fixing the quantity H3/2 e12 ∆N ξ3. Neglecting
the (weak) dependence on the factor ξ3, this is equivalent to fixing ρ3/4inf e12 ∆N so that
ρ
1/4
inf ∝ e−4 ∆N .
The strong dependence of ρinf in ∆N implies that σ should become inert very close
to the end of inflation. Under this condition, the model provides a possible explana-
tion for the observed presence of magnetic fields in the intergalactic medium, while
respecting current observational constraints from scalar modes, and without requiring
inflation to happen at energy scales below the TeV or so.
Concerning tensor modes, the tensor-to-scalar ratio is given in Eq. (3.6) of [1]:
r = pt (n) H
4
M4pl
e4piξ
ξ6
P−1R , (93)
where pt (n) is plotted in Figure 1 of [1]. It is straightforward to see that r is pro-
portional to f2/3NL N−2σ . In Fig. 3 we show the tensor to scalar ratio for fNL = 50,
Nσ = Nobs, for fNL = 10, Nσ = Nobs and for fNL = 50, Nσ = 200. In all cases the
tensor-to-scalar ratio in this model is too small to be detected both by future Earth-
6Note that our findings are consistent with those of [58], that has shown that the magnetic field produced
by the axial coupling is not strong enough to satisfy the blazar constraint if inflation happens at chaotic
inflation energy scales ρ1/4inf ∼ 1016 GeV.
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and space-based dedicated missions, even if it is not hugely below the projected sen-
sitivity r ∼ 10−3 of the CMB-S4 experiment [59]. As explained in section 3.1, tensor
modes due to vacuum fluctuations of the gravitational field are negligible with respect
to those generated by the presence of the gauge field: our model would therefore be
further constrained by a future detection of CMB B-polarisation of primordial origin.
Before concluding this Section on the constraints on the model, we discuss under
which conditions we can neglect the backreaction of the mode functions of the photon
on the dynamics of σ. Since the energy in σ available for particle production is only
the kinetic component 12 σ˙2, we require that 〈ρEM〉 = 12〈E2(x) +B2(x)〉  12 σ˙20.
The energy density in the gauge modes reads
〈ρEM 〉 = I
2(τ)
2 a(τ)4
∫
dk
(2pi)3
(
A′+(k, τ)2 + k2A+(k, τ)2
)
' H4 e
2piξ
ξ3
n
9− n2(7− 4n2)2
1120pi2 sin(2npi)
(94)
where in the last equality line we have kept the leading term in the limit ξ  1. We
this see that 〈ρEM 〉 takes values of the order of 10−3H4 e2piξξ3 unless n is very close to
−2, in which case we have ρEM (τ) ' .01n+2 H4 e
2piξ
ξ3 .
Using eq. (90), we obtain
ρEM
σ˙2/2 ' .25
e4 ∆N
σ
ρ
1/4
inf
Mpl
BNV−17(nB)2 ξ n
9− n2(7− 4n2)2
b2n ln sin(2npi)
. (95)
Using the values of e4 ∆N ρ1/4inf /Mpl extracted from Figure 2, along with an evaluation of
the n-dependent factor on the right hand side of the equation above, and using ξ ∼ 10,
we obtain that ρEM/(σ˙2/2) ∼ (10−7 ÷ 10−8)/σ so that the backreaction of the gauge
modes on the background evolution of σ is negligible as long as σ & 10−7, which is
well within the slow-roll regime.
6.2 Possible seeds for the galactic dynamo
Galaxies appear to be magnetised with magnetic field intensity of the order of 10−6 G.
It is believed that such magnetic fields are the result of the amplification of pre-existing
seeds by the galactic dynamo mechanism (see e.g. [7] and references therein). No
preferred explanation exists so far for the origin of the magnetic seed, which could be
both astrophysical (see e.g. [60]) or primordial. There are some uncertainties on the
efficiency of the dynamo, but reliable estimations indicate that the initial magnetic
field should be at least of the order of 10−23 − 10−21G at a comoving scale of 1 Mpc,
in order to explain the observed µG amplitude7 [7].
According to some numerical simulations of the evolution of magnetised structures,
once galaxies are magnetised, this could also explain the observed magnetisation of
clusters: see e.g. [62]. The ejection of the galactic magnetic fields via galactic winds and
7Note that Ref. [61] has found that in a ΛCDM universe a much smaller amplitude might be needed, in
reason of the longer time-scale of evolution of the galaxies: a seed of 10−30 G could actually be enough to
give rise to µG field today.
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Figure 3: The tensor to scalar ratio r. The three curves (top curve to bottom curve) give
the value of r as a function of n for the following values of fNL and Nσ : f equilNL = 50 and
Nσ = Nobs, f equilNL = 10 and Nσ = Nobs, and f
equil
NL = 50 and Nσ = 200 .
a subsequent amplification at large scales by intra-cluster turbulence can in principle
explain the 10−6 G fields observed at cluster scales.
On the other hand, the lower bound on magnetic fields in the intergalactic medium
strongly points toward a primordial origin, since astrophysical processes connected to
the presence of free charges and/or a medium have difficulties to operate in void re-
gions among structures. Therefore, a primordial generation mechanism able to provide
magnetic fields that fulfill the bound on the intergalactic magnetic field, and at the
same time have high enough amplitude at large scales O(Mpc) to initiate the galac-
tic dynamo, can in principle explain all present observations of magnetic fields in the
intergalactic medium, galaxies and clusters.
In [1] it was shown that the model under analysis here can provide seeds larger
than 10−23 ÷ 10−21 G at 1 Mpc, for a certain range of values of n, satisfying, at the
same time, the lower bound on intergalactic magnetic fields. Here we show that this
statement holds true also when the strict constraints on scalar nongaussianities are
taken into account, provided the auxiliary field does not stop rolling too far from the
end of inflation.
More precisely, we know that for the set of inflationary parameters H and ξ for
which the bound on f equilNL is saturated (the top curve in figure 2) the limit (87) is sat-
isfied. We then proceed to investigate whether for these parameter values the intensity
of the magnetic field can also be high enough to initiate the galactic dynamo. As done
in [1], we therefore impose the fulfillment of the equality in equation (87), obtaining
a relation between the magnetic field intensity B0 and correlation scale L0, which,
combined with the first equation in (84), provides the value of B0 and L0 as function
of nB, actually independently on the generation mechanism. Using these values we
calculate the amplitude of the magnetic field at the scale ` = 1 Mpc as a function of n,
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Figure 4: Magnetic field intensity at the Mpc scale as a function of n. In red, solid the value of
B0 at 1 Mpc obtained for the set of parameters (H,n) which saturate the current upper bound on
scalar non-gaussianities (the solid red curve in figure 2). In blue, dashed, the estimations of the
magnetic seed amplitude required to initiate the dynamo: 10−21 G and 10−23 G at 1 Mpc.
using Eq. (8) and the relation
B0 (`) = B0
(
L0
`
) 5−|2n+1|
2
. (96)
We compare the resulting B0 (` = 1 Mpc) with the required amplitude of magnetic
seeds in galaxies on such scale, i.e. 10−23 ÷ 10−21 G. This is shown in figure 4.
For n = 0, i.e. for the case in which only the term FµνF˜µν is active, the amplitude
of the produced magnetic fields is too small to initiate the dynamo. On the other
hand, for n ≤ −1.5, inflationary magnetogenesis with added helicity can give rise to
magnetic seeds at 1 Mpc higher than 10−23 G. The presence of the term ∼ FµνFµν is
crucial at this aim, since it allows for redder spectral indexes nB < 2 than in the case
where only the parity violating coupling is present. Imposing an intensity of 10−21 G
at the Mpc scale, on the other hand, requires n to be very close to −2. In this case the
magnetic field is close to scale invariant and the behavior of the inverse cascade [55–57]
can lead to scalings different from those that gave eq. (84). Because of this, and of the
possibility of additional infrared effects, the plot of Figure 4 might need corrections in
this area.
6.3 Inflationary model with the gauge field coupled to the
inflaton.
We can also consider the scenario in which the gauge field Aµ is coupled to the inflaton,
without the presence of an auxiliary field, i.e.:
L = −12∇µϕ∇
µϕ− V (ϕ) + I2 (ϕ)
(
−14FµνF
µν + γ8 µνρλF
µνF ρλ
)
. (97)
In this case, the non-minimal coupling between the inflaton and the gauge field leads to
a source in the equation of motion of the inflaton perturbations which dominates with
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respect to the sources due to the gravitational coupling (see e.g. [30]). More precisely,
the equation of motion for the inflaton ϕ turns out to be
δϕ′′flat +2Hδϕ′flat−k2δϕflat = IIϕ [Ei ∗ Ei + 2 γ (Ei ∗Bi)]+2ϕ′0S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) ,
(98)
where S(3) and S(2) have the same expressions as before, but I = I (ϕ). Expression
(61) is still valid for this scenario. Differently from the model analysed previously, here
the source is no more suppressed by the slow-roll parameter . Consequently, in this
case one finds that the constraints from scalar perturbations are too tight and do not
allow for sufficient magnetogenesis.
7 Summary and conclusions
The mechanism of magnetogenesis with added helicity presented in [1] was able to
account for the intergalactic magnetic fields inferred in [2–4] and initiate the galactic
dynamo while keeping perturbation theory under control and with inflation happening
at the (reasonably high) energies of the order of 106÷1010 GeV. The work [1], however,
assumed that nongaussianities could be kept safely small by decoupling the scalar σ,
whose slow roll excited the vacuum fluctuations of the gauge field, from the inflaton
ϕ. Moreover, most of the analysis in that paper was performed under the assumption
that the tensors sourced by the magnetic field during inflation would lead to a tensor-
to-scalar ratio r = 0.2, the value obtained by assuming that the BICEP2 signal [63]
was of primordial origin.
In this work we have dropped the assumption that the sourced tensors lead to
such a large value of r. Moreover, we have accounted for the fact, noted in [32] (that
appeared after [1]), that the fluctuations of the isocurvature field σ sourced by the
gauge field can oscillate into the observable curvature perturbation R if σ rolls for a
sufficient number of efoldings, possibly generating a very high level of non-gaussianity
in the observed CMB spectrum.
Here we have simultaneously evaluated the fluctuations in the inflaton originating
from the oscillation from the σ to the ϕ sector and those directly induced by gravita-
tional effects on the ϕ sector. We have found that for all values of the parameter n the
former dominate over the latter even for Nσ = 1.
Our result is that, as long as the field σ does not stop rolling until about one efold
before the end of inflation, magnetogenesis with added helicity can account for the
observed magnetic fields in the intergalactic medium and at the same time provide
seeds high enough to initiate the galactic dynamo for a suitable range of values of the
parameter n, while satisfying the observational bounds on equilateral nongaussianities,
and with inflation occurring at 106 ÷ 108 GeV. If the bound on nongaussianities is
saturated, the model then leads to chiral tensor modes with r = 10−6 ÷ 10−4. We can
therefore conclude that the model of [1] is robust even once the stringent constraints
from nongaussianities are accounted for, provided the above mentioned condition is
met for the rolling of the auxiliary field8.
8We have assumed, as it is often the case in works on inflationary magnetogenesis, that inflation is
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It should be noted, however, that the constraints from CMB are only valid if the
gauge field was already excited when CMB scales were leaving the horizon. Since the
correlation length L0 of the produced gauge field is well below the Mpc [1], one can
think of a scenario where σ starts rolling after CMB scales, but before L0, have left
the horizon. In this (finely tuned) situation the constraints from CMB will not hold,
and the mechanism can be effective even at higher energy scales for inflation.
A Simplification of the gravitationally induced
source terms for δϕflat
The equations of motion for the gauge field
∂µ
[
I2
(
Fµν − γ2ηµνρλF
ρλ
)]
= 0 (99)
can be written in terms of the electric and magnetic fields defined in eq. (6), along with
the Bianchi identities, as
∇ ·E = ∇ ·B = 0 , B′ + 2HB+∇×E = 0 ,
E′ + 2I
′
I
E+ 2 a
′
a
E+ 2 γ I
′
I
B−∇×B = 0 (100)
Now, in coordinate space,
S(3) = − I
2 a2
2M2pl
∂j
∇2 ijk Bk Ei =
I2 a2
2M2pl∇2
∇ · (E×B) . (101)
so that
2ϕ′0 S(3) +
ϕ′0
H S
′(3) = ϕ
′
0
H a2
(
a2 S(3)
)′
= − I
2 ϕ′0 a2
2HM2pl∇2
∇ · [E× (∇×E) +B× (∇×B)]
(102)
with
∇ · [E× (∇×E)] (k) = ki
∫
dq
(2pi)3/2
Ei(k− q) kj Ej(q)− ki
∫
dq
(2pi)3/2
(k− q)iEj(q)Ej(k− q) ,
(103)
which can be simplified by noticing that∫
dq qiEj(q)Ej(k− q) =
∫
dp (k− p)iEj(k− p)Ej(p) (104)
instantaneously followed by a radiation dominated phase. It would be interesting to study the more realistic
situation where the inflaton performs many oscillations – leading to a matter dominated Universe – before
decaying into radiation. The analysis of this system is nontrivial, but we generally expect that a long period
of matter domination will make the magnetic field weaker.
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which implies ∫
dq qiEj(q)Ej(k− q) = ki2
∫
dqEj(k− q)Ej(q) . (105)
To sum up, we obtain
∇ · [E× (∇×E)] (k) = ki kj
∫
dq
(2pi)3/2
Ei(k− q)Ej(q)− k
2
2
∫
dq
(2pi)3/2
Ej(q)Ej(k− q) ,
(106)
and, remembering that B gives contributions that are subdominant to E, we get the
approximate expression
2ϕ′0 S(3) +
ϕ′0
H S
′(3) + ϕ
′
0
H S
(2) ' I
2 ϕ′0 a2
2HM2pl
ki kj
k2
∫
dq
(2pi)3/2
Ei(k− q)Ej(q) , (107)
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